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ABSTRACT

The purpose of the present paper is to define and study D-concurrent vector fields in a Finsler space of five-dimensions. In this
paper, D-concurrent vector fields of first kind based on D-tensors of first kind in a Finsler space of Five-dimensions have been
defined and studies. The expressions for h- and v-covariant differentiations of D-tensor of first kind have also been obtained.
Besides this, the Q-concurrent vector field in a five-dimensional Finsler space based on 'Q-tensor is defined in this paper.

Furthermore, a curvature tensor "Dy, based on D-tensor is also defined, its expression obtained and some properties studied.
KEYWORDS: D-Concurrence, Curvatures and Five-Dimensional Finsler Space

INTRODUCTION

In (1950), Tachibana [12] was the first author, who defined and studied concurrent vector fields in an n-dimensional
Finsler space. This study was further taken up in (1974) by Matsumoto and Eguchi [3]. In (2004) while studying the
existence of concurrent vector fields in a Finsler space Rastogi and Dwivedi [5] found that the definition of concurrent
vector fields given earlier does not hold good, which led them to modify the definition of concurrent vector fields in
Finsler space F". Recently, Rastogi [6] has defined and studied three kind of D-tensors, in a Finsler space of five-
dimensions. In (2019) and (2020) Rastogi [7, 8; 9, 10], defined several new concurrent vector fields including D-

concurrent vector fields in a Finsler space of three and four dimensions.

Let F°, be a Finsler space of five-dimensions equipped with a fundamental function L (X, y), orthonormal frame

ey, (0= 1,2,3,4,5), metric tensor g; and angular metric tensor h;; given by [1], [6]

gij = li lj + mimj + Ny Ny + Ny Ny + Ny N €))
and

hij = M M; + Ny Ny + Ny Ny + Ny Ne) @)
Where, i, mj, nay, Ny and ng, are five orthonormal vectors, alternatively expressed as eyy), €2, €3y, €4y and esy;.
The h-covariant derivative e, ; of the vector e, is given as [4], [6]

€ws = Hapy €)' € (©)
Where, H,g, are the scalar components of the h-covariant derivative given by (1.2) and are called h-connection scalars and satisfy

Hapy = - Hppay = Hupy = 0 4
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Furthermore, using the definition
Haysp €)' = 1y = Ny ey, Hap 8 = §5 = i gy, Hayp 87 = ki = kg ey,

Hspop €57 = 1= Iy €y, Hsyap €5 = 5 = Sy ey, Hsup 85/ = =ty ey (6)
We can obtain on simplification ey = I'; =0,

€25 =M’ =Nw' hj—Ne)'ji—N@' 1, €95 = N =N’ kj—m'hj—ng's;

€4 = Ny =M Jj—Ngy' kj—Ney' b €55 = Ny =M 1+ Ny’ s+ Ny’ (6)
The v-covariant derivative of these vectors belonging to Miron frame e, can be given as [7]

€wj = L™ Vap, €)' &) )

Let Vs, be scalar components of the v-covariant derivative given by (7) then Vg, are called v-connection scalars. These

scalars satisfy
Vaypy == Vpyay Viypy = Oy — 1 Oy ©))

Using equation (1.6), we can write

Viyy = Vayy = V33 = Vg = Vsps, = 0, 9)
Viyy = 82y, Viy3y = 83y, Viyy = 84y, Viysy = 05, (10)
Vayiy = - 627: Vy3y = Qy: Vopuy = Ry, Vs, = Syv (11)
Vi3yiy = - 637: Vi, = - Qy: Vi = U, V35, =V, (12)
Viy1y = = 04y, Vayry = - Ry, Vs, = - Uy, Vg5, = X, (13)
Vsy1y == 0sy, Vspoy == S;, Vsy3y = -V, Vsy, = - X,, (14)

Where, we have defined and assumed Q,, R,, S,, U,, V,, X,, as the v-connection vectors.

Using equation (7), we can obtain

L ey = L I'y = m'm; + nwy' Ny + Ny’ Ny + Negy' gy = (15)
L ey =L miy=-'m;+ne' Q +ng' R+ ng)' S; (16)
L ey = LNy = - I'nej—m' Q+ ngy' Uy + ngy' (17)
L ea)s; = L gy = - 1'ng—m' Rj—ng' U + ng' X; (18)
L es)s = LNy =-I'n@—m' Sj—ng)' Vi—ng)' X; (19)

The tensor Cyj in F°, is given by Rastogi [6] as follows:
L Cij = Cqay mi mj My + Cia) Ny Newyi Nayk + Ca) Nyt N2jj Nk + Cay Neayi Najj Neayk
+ 2k [C) Mi Mj Ny + Cg) Mi M Ny + Cizy Mi My NEayc + Cey Ny Neayy Mic

+ C9) Ny Nwj Nk + Cao) Nyt Nwjj Nak + Cay N2y Ny Mi + Caz) Nyt Njj Nk
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*+ Cag) Ny N@)j Nk + Caa) Nayp Neaj Mk + Cas) Ny Ny Nk + Cae) Nan Nea)j Nk

+ Car) Mi(Nw; Nk + Nk N@j) + Cag) MilNw; Ne)k + Nk Ne))

*+ Caao) Mi (N@j Nk + N2k Ny) + Ciao) Ni(N@yi Nak + Nk N (20)
D-Concurrent Vector Field of First Kind

In a five-dimensional Finsler space F°, there exist D-tensors of three kinds. Let lDi,-k be representing the D-tensor of first
kind, which is such that [6]

'Dix I' = 0 and "Dy ¢™*='D; = 'D ngyy, (21)
Then this tensor in F°, can be expressed as

"Dijk = Dy Mi M; Mic+ D) Neay Neayi Neaye + D) Neayr Ny Neak + Dy Neayt Neaji Neaye

+2 o [Dee) {mi my nyd + Dy {mi My Nyt + Doy {mi my Nz

+ Dy{nwi N Mid + Doy {nay Ny N + Doy {ney Newy Nyt

+ Dayy {ney Ney Mid + Daz) {1 Nej Naxt + Das) {neyi Ny Nexd

+ Dagy {n@) N Mi} + Daas) {Neay Ny Nt + Daaey {Neay Ny Nk

+ Dan {mi(nw; Nex * Nk Nep)} + Das) {Mi@; Nex + Nex Nep}

+Dag) {mi (N@); Nwi + N Ny} + Dezoy {Nwi(Ne2 Ny + N2k N 3 (22)
Multiplying equation (2.2) by g™, we obtain on simplification

'D; = mi(Dgyy + Degy + Dauyy + Day) + Nyt (Dy + D) + Diazy + Dias)

+Nji(DE) + D) + D) + Dae)) + Nji(Day + Dy + Daoy + D)), (23)
which by virtue of (2.1) leads to

D + D * Day + Daa) = 0, Dy + Dis) + D) + Dygs) = 'D,

D) *+ D) * Do) * Daag) = 0, Diay + D7y + Diaoy + Dag) = 0. (24)
Let X'(x), be a vector field in F°, which is expressible as
X(X)=al'+pm'+yng +Ony +¢ng, (25)
where a, B, v, © and ¢ are scalars.
Assuming X‘,,— =- 8‘,—, from equation (3.5), by virtue of equations (1.5), we can obtain

==l By =y hj— O Ji—@rj—m;, v; = Ok — ¢ §— B hj — ey,

O=BJi—vki—0ti—Ney @ =Prjtysit O t—ng) (26)
which leads to

op=-1,Bo=vho—O jo—@ro, o= ko— @ 10— hy,
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©p=PBjo—vko—@to, po=Pro+tysat Oty 27)
Now we shall give

Def. 2.1.: A vector field X'(x), satisfying X'; = - 8';, given by equation (2.5), shall be called a D-concurrent vector field of
first kind in a Finsler space of five-dimensions F°, if for a scalar 1, it also satisfies

X' "Dij = A hi (28)
Using equations (22), (26) a, b and (27), we get

Ahye=mymy {B Dy +v D) + © D) + ¢ Dy} + Ny Nk {B Degy +v Dy + © Do) + ¢ Doy}

+ NNk {B Day + v Daa) + © D) + ¢ Dag)} + N N {B Daay + v Dasy + © Dyaey + ¢ Digy}t

+ (M) Nk + Mi N {B Des) + ¥ Dg) + © Daazy + ¢ Do)}

+ (Mj N+ My Ny {B D) +v Dazy + © Dy + @ Dagy}

+ (M Nt M Ny) {B Dy +v Doy + © Daugy + ¢ Dagy}

+ (Nw;j Nk + Nk NEj) {B Dar +7v Dag) + © Daz) + ¢ Do}

+ (N@j NEk + N NE)) (B Das) + ¥ Doy + © Das) + ¢ Dae)}

+ (N@) Nk + NExk Ny {B Dag) +7v Dao) + © Deagy + ¢ Daasy} (29)
Multiplying equation (29) by g™ and using equation (2.4), we get on simplification

L= (1/4)y'D (30)
which by virtue of equations (6) and (29) also leads to

Dyr-Ok+ph+9S)+'D=0 (31)
Hence:

Theorem 2.1.: If X'(x) is a D-concurrent vector field of first kind in a five-dimensional Finsler space F°, the scalar A, is
given by equation (30) and vector 'D; satisfies equation (31)

Multiplying equation (29) by m/, nu/, ny and ny, respectively, we get
A my=my {B Dy +v D) + © Dgg) + ¢ D} + Nyc{P Dis) + ¥ Digy + © Diary + ¢ Daaoy}
+NewiB D) +7 Dazy) + © Dayy + @ Dag)} + Nad{B D7y + v Do) + © Day + ¢ Dy} (32)
Ana=Mg{B D) + 7 Dg + O Dazy + ¢ Dug} + Nak{B De) + 7 D2y + © D) + ¢ Doy}
+New{B Dar +v Dag) + © Duzy + ¢ Doy} + Napd B D) + ¥ Daoy + © Deaoy + ¢ Dasy} (33)
Angk =Mk {B D) + v Dazy + © Dayy + @ Dag} + Naw{P Dazy + v Dag) + © D2y + @ Doy}
+NeiP Dayy +v Daz) + © Dy + @ Dag} + NedP Das) + v Doy + © Daag) + @ Dy} (34)

Ak =M {p Dy + v Dag) + © Day + © Dag)} + Nay{ B Diagy + ¥ Diaoy+ © Diaoy + ¢ Dias)}
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+ N iP Das) +7 Doy + © Das) + @ Dag)} + N iB Deaay +v Diasy + © Dy + ¢ Diay}

From these equations we can get

and

From equations given in (2.11) b, we can obtain after eliminating scalars B, v, © and ¢ and some tedious calculation

A=PBDu+7vDg +ODg+¢D7y=pDe +7vDe + 6O Dg + ¢ Daog

=B Duy+vDazy+O©Dg + ¢ Dasy=p Daay + vy Dasy + © Dag) + ¢ Dy
B D) v D@+ 6O Dant ¢ Dug) = B D) +v Dary + © Dayy + ¢ Dig) = 0,
BDq) *vDag)+ O Duay + ¢ Dsy = P Daazy + ¥ Dag) + O Diaz) + ¢ Diagy = 0,

B Dqgy + ¥ Diaoy + © Doy + ¢ Diasy = B Dag) + ¥ D20y +© Diaa) + @ Dis) = 0

E(CF-AG)+H((DE-BF)+I(AB-CD)=0

where we have substituted

Hence:

A= D(3) D(18) - D2(19). B= D(11) D(zo) - D(12) D(18), C= D(17) D(20) - D(18) D(19),
D = D7) Das) — D4y Dao), E = De) Diaoy — Dary Daus), F = Dis) Das) — D7) Do,

= D2) Das) — Pa3) Doy, A= Dae) Pag) — 2(20), = Dae) Pary — Das) Do)
G =Dguy D Das) Doy, H=Dgg D D I =Dy D Dgg) D

(35)

(36)

@37)

(38)

(39)

Theorem 2.2.: If X'(x) is a D-concurrent vector field of first kind in a Finsler space of five-dimensions F°, it satisfies

equation (38), where coefficients A, B, C, D, E, F, G, H, I are given in terms of coefficients of 1Dijk by equation (39).

Weakly D-Concurrent Vector Fields

Multiplying equation (29) by m*, no)*, n)* and g, respectively, we get

and

"Dije M = Dy M; M; + Digy(Mi Neyyj + M; Neay) + Dgy(Mi Ny + My Neay) + Diry(Mi Neayj + My )
+ Deg) Ny Nwj *+ Daayy Ny N@j + Daaay Ny Neay + Dany (N e + Ny Nyi)

+ Das)(N@i N@j + Ny Nei) + Dagy(Nwyi Ny + N Ny,

"Dig N = Dezy Neayr Neay; + Dygy M M + Digy(Mi Neayj + M; Neay) + Dgy(Meay Ny *+ ey Neay)

+ Daoy (@i Ny + Ny Ni) + Dany) Ny Ny + Daas) Neay Ny + Dary(Mi Ny + My Nezyi)

+ Do) (Mi N@)j + Mj Na)i) + Deaoy(N2yi Neajj + Nezy N

"Dig N = D(g) Nay Neay + Diey Mi M + Dig) Ny Newyj + Dany (M Neay + My )

+ Daa (@i @i + Nwj N@)) + Das)(Nei @y + Ny Nei) + Das) Ny Ne);

+ Dazy(Mi N + M Newyi) + Day(Mi Negjj + Mj Negji) + Doy (N Neajj + Nwyj Neayi)

(40)

(41)

(42)
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"Dijc N3 = Diay Neey Neayj + Dizy Mi M; + Digoy Ny Ny + Diaay Ny Nz + Diaay(Mi Neay + My Negy)
+ Das) (N Ny + Nwj N3j) + Daey(Ny Ny + Ny Naji) + Dagy(Mi Nezjj + Mj Nezyi)
+ Dg)(Mi Ny + Mj Nayi) + Deaoy(Nay Nezjj + Neayj Nez)- (43)

These equations further give

"Dy m' m* = *D; = Dgy M; + Deg) Ny + Dis) Nayt + Dry ey (44)
1 ik — 21 _12

Dij Ny m" =“"D; = Dy M; + Dgg) Ny + D7y Nyt + Dagy Neay = D, (45)
1 ik 31 — _13

Dijk Ny m" =*D; = Dg M; + Dy Ny + Dazy Ny + Dagy N = D, (46)
1 Jnk 4 _ 14

Dijx Ny m" =""D; = Dy M; + Deay N@y + Diagy Nyt + Dagy Ny = 7D, (47)
1Dijk n(l)j n(l)k =?p; = D) Ny + Digy Mi + Do) N2y + Doy Niayis (48)
1 in k_32+ _ _ 23

Dijk Ny Ny” = *Di = Doy Ny + D12y N2y + D7y Mi + Deagy Neay = D, (49)
1 in K42+ — _ 2

Dij Ny Ny” = ""Di = Doy Ny + Deasy Neap + Dagy Mi + Diagy Ny = D, (50)
"D Ny Ny = *Di = Deg Neay + Daary M; + Dazy Nayr + Diasy Neay, (51)
lD j k — 43D =D _ 34

ik N@y Ny = i = Dasy Ny + Dagy Ny + Diagy Mi + Doy Ny = *'D, (52)
ik _
"Dij N@' N@* = “Di = Dy Nayr + Daay Mi + Das) Neay + Dae) Neoy (53)

Hence:

Theorem 3.1.: In a five-dimensional Finsler space F°, tensor 1Di,-k gives ten vectors out of which four vectors are unique
and are given by equations (44), (45), (48) and (53)

Now similar to [7], we shall give following definitions:

Weakly D-Concurrent Vector Fields of First Kind: A vector field X'(x), in a five-dimensional Finsler space F°, shall be
called weakly D-concurrent vector field of first kind, if for X‘,,— =- 6‘,—, and a scalar function (X, y),*'D; given by equation
(44) satisfies

XDy = pay(X, Y) (54)

Weakly D-Concurrent Vector Fields of Second Kind. A vector field X'(x), in a five-dimensional Finsler space F°, shall
be called weakly D-concurrent vector field of second kind, if for Xi,,- =- Sij, and a scalar function p)(X, y),*’D; given by

equation (48) satisfies
X' 2D = (%, Y) (55)

Weakly D-Concurrent Vector Fields of Third Kind: A vector field X'(x), in a five-dimensional Finsler space F°, shall be
called weakly D-concurrent vector field of third kind, if for X'; = - 8%, and a scalar function p (X, y),**D; given by equation
(51) satisfies

X' ¥D; = p(x, y) (56)

Weakly D-Concurrent Vector Fields of Fourth Kind: A vector field X'(x), in a five-dimensional Finsler space F°, shall
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be called weakly D-concurrent vector field of fourth kind, if for X'; = - &', and a scalar function (X, y),*D;i given by
equation (53) satisfies

XD = py(%, y) (57)
Equations (54), (55), (56) and (57) with the help of equations (25) can be expressed as

Ha (X, y) =B D) +v D) + O D) + ¢ Dy, ny(x, y) =P D) + v D) + © Do) + ¢ Do), (58)

H@ (X, y) =B Day +v Daz + © D + @ Das), ta(X, ¥) = P Dasy +v Das) + © Daag) + @ Dyay. (59)
Hence:

Theorem 3.2.: In a five-dimensional Finsler space F°, weakly D-concurrent vector fields of first, second, third and fourth

kind have scalars puy(X, y), L)X, ¥), W) (X, y) and pay(X, ) satisfying equations (58) and (59).
Taking h-covariant derivatives of equations (58) and (59) with the help of equation (26) a, we get
Bayi = B(Day; — D) hj + Deg) Jj + Dy 1) + v(Desyj + Dy hj — D) Kj + D) 8))
+ 6Dy ~ D Jj + D) ki + Dy ) + 9Dy — Dy 1~ D S~ Degy 1)) — D, (60)
Beyi = B(Dgy; — D hj + Deg) Jj + Doy 1)) + v (D2 + Degy Nj— Deg) ki + Doy )
+ ©(D(ey; — Dyg) Jj + Dezy Kj + Daaoy 1) + (Dgaoyj — Dig) 1 — Dizy 5 — Dy 1)) — D, (61)
Byi = B(Daayj — Daz) hj + D) Jj + Das) 1) + v(Daayj + Dayy hj— D) ki + Das) §))
+ (D@ — Day) J + Daz) Kj + Daas) ) + 9(Daasy; — Dayy 1 — Dazy Sj— Dy ) — D, (62)
Bayj = B(Dqay; — Das) hj + Das) Jj + Dy 1j) + v(Dasyj + Dag) hj— De) Kj + Dy )
+ ©(Dgey; — Daugy i + Das) K + Dy 1) + @(Dyay - Daaay Ty — Daas) S~ Dy 1) = D | (63)
Which lead to
Bayo= B(Dgyo — D) Mo + D) Jo + D) o) + v(Dsyo + Digy Mo — De) ko + D) So)
+©O(Dgsyo — Dy Jo + Des) Ko + Dgzy to) + @(Dzyo — Dy fo — Dgs) So — Dg) to), (64)
Heyo = B(Dgyo — D) ho + Deg) o + Doy Fo) + ¥ (Dezyo + D) ho — Dyg) Ko + Dao) So)
+ O(Dgyo — Deg) jo + D) ko + D1 to) + ¢(Daoyo — Degy F'o — D2y So — Dyg) to), (65)
tayo = B(Daayo — Daz) ho + Dy jo + Das) fo) + Y(Dazyo + D1y ho — Dy Ko + D(13) So)
+ O(Dyo — Daay jo + Diaz) ko + Das) to) + ¢(Dasyo — D1y f'o — D2y So — Dyg) o), (66)
ayo = P(Deayo — Dasy ho + Dey Jo + Day o) + Y(Dasyo + Daay ho — Dis) Ko + Dyay So)
+ ©(Dsy0 — Daaay jo + Daasy Ko + Day to) + @(Dayo - D1 'o — Dasy So — Daey to) (67)
Hence:

Theorem 3.3.: In a five-dimensional Finsler space F°, weakly D-concurrent vector fields of first, second, third and fourth

kind have scalars whose h-covariant derivatives satisfy equations (60) and (64).
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Remarks:

e It can be observed that D-concurrent vector field of first kind in a five-dimensional Finsler space shall give

weakly D-concurrent vector fields of first, second, third and fourth kind, but the converse is not true in general.
e Similar to h-covariant derivatives, we can also obtain v-covariant derivatives of scalars defined above.
TENSOR 'Djjir IN F°
Taking h-covariant derivative of equation (22) and using equation (6), we can obtain [6]
"Dijian = Agn Mi My My + A Nyi Ny Nk + A N2y N Nea + An Neayi Neayj Nak
+ 2ail [Aen{mi mynad + Aen { mi mjneud + Agn { mi mj neyd
+ Agn { Nwi N Mid + Agn { Nwi Nw; Neid + Acon {Nwi Nay; Next
+ Aapn {N@i Ny Md+ Aazn {Nei Nei Nkt + Aasn {Ne)i Nej NExt
+ Aaan {N@i N@; MG + Aasin {N@)i Ney Nt Aasin { Ne)i ey Nt
+ Aann {MiNw; Nk + Nk N} + Aasn{Mi(N@w; NEx + Nak NE);)}
*+ Aagn IMi(N@;j Nk + Nk NE} + Acon 1NN Nek + Nek NEi)} (4.1)
Where we have used
Awj = Day;j + 3(De) ez — D) hwi + Dy hay), Ay = Deyj + 3(Dee) hwj — Degy hzji + Doy Ns))
Aw)i = Dgyj + 3(Daah@); — Day N@)j + Das) hey). Awyj = Dayj — 3(Daa) hay + Das) Nes); + Dae) hiey)
Aw)i = Deyj + (D — 2Dg)hw; — D) hy + Dy he) + 2 Daary hea)y + 2D sy M
A = Diyj — (D — 2 Dan)heey + Des) h + Dy Mgy — 2 Daary hws + 2 Daagy hay
Ami = D@y (D — 2 Daa)hy; — D) hey — Dis) hsyj — 2 Das) wj + 2 Doy sy
Aw) = Dy — (D) — 2 D)y + Doy hgy + Doy eayj — 2 Dary Ny + 2 Dag) sy
Aw)i = Deyj + (D — 2Da2) Ny — Degy hay + Doy Ny + 2 Daryhaw + 2 Deaoy hie
Aoy = Daoy; - (D) — 2 Dus)hes) — De) Ny - Diey Nieyi + 2 daagy Ny — 2 Deaoy Moy
Auwy = Dayj + (D) - 2 Dg)hea) - Daz) Nw; + Das) hay + 2Da7) hey + 2Dag) hesy
Auz) = Daayj + Dy hwy - (D) - 2 D)y + Das) hey— 2 Dary Ny + 2 Deo) Nes);
Aws) = Daayj -(D) — 2 Das)) ey — Dy h@j — Daz) he — 2 Dao) M) + 2 Doy hp)
Ay = Daayj + (D) — 2 D)y — Das) My + Daasy hey — 2 Das) Ns)j -2 Das) Nee);
Aus) = Dasyj + (D) — 2 Do) hesy + Das) Nwj — Das) -2 Das) My — 2 Doy heeyy
Auey = Daeyj + (D) — 2 Dusg)hey — Dy hy + Das) @y — 2 Dag) hay — 2 Doy Nesy;

Aanj = Daryj — D) he)j + (D) — Daheyj + (D) — D)hwy + Daz) Ny + Das) hes);
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+ Do) Ns)i + Doy hiaj
Aqs) = Dasyj — (D) — Das))nay — (De) — Daaay) hes) — Dary hey + (D) — Daoy)h;
— Dag) hyj *+ Doy hay

Aw9y = Daoyj — Dary M) - (D) — DasNea); — (Dis) — Daey)nay — (Daz) — Daahie)

+ Das) Ny — Deaoy Ny

A0y = Deoyj + (Do) — Das) Ny — (Do) — Dae))s) — Dy Ny - (D) — Das)) e

— Dasg) hy + Dag) hay (68)

From equation (4.1), we can obtain by virtue of "Dijgn 1" = "Dijo = 'Qiic

"Qik = Ao Mi M;j Mic+ Ay Ny N Nk + Ao NEiNEi Nk + Awo Nen N Nex

+ 2 aik Ao {mi mjnayd + Ago { Mi mjnepd + Agp { mi mjned

+ Ao { Nwi i Mt + Ao { Nwi Nwj Nt + Aaoyp {Nayi Ny NExt

+ Aano {N@i N Mid+ Aazpo {N@i NEj Nt + Aasp {Ne@)i Ne)j Nekt

+ Auayp {n@)i NE M + Aasp {NE)i NEj Nekt+ Adsp {NE)i NEj Nekt

+ Aano {Mi(Nw; Nk + Nak N} + Aaso{Mi(Ny NEk + Nak NE}

+ Ao {Mi(N@); NEx + Nk NE} + Acoo {Nwi(Ne) ek + Nak NEp (69)

Def. 4.1.: If X(x) is a vector field satisfying Xi,,- =- 8‘,—, it shall be called Q-concurrent vector field of first kind in a five-

dimensional Finsler space F°, if for a scalar L, it satisfies
X' 'Qik = 1 hi (70)
From equation (28), we can easily obtain equation (70), which shows:

Theorem 4.1.: If X'(x) is a D-concurrent vector field of first kind in a five-dimensional Finsler space F°, it is also Q-

concurrent vector field of first kind, such that scalar p satisfies p = Ay, but the converse is not true in general.
Equation (70) can alternatively be expressed as
phje=mimy {B Ao +7 Agp + O Ago + @ Ao} + Ny Nk {B Ao +7 Agp + O Agpo + @ Anop}
+N@)j Nek (B Aano +7 Auzio + O Agpo + @ Augi} + Ny NEwdB Agap + v Aasio + © Auep + ¢ Auyp}
+ (M Ny + MicNey) {B A + 7 Ao T © Aano + ¢ Ausyo}
+ (M N + MicNey) {B Ago T 7 Aano + O Auno + @ Ao}
+ (M N + Mic Negy) {B Ao T 7 Auspo + O Augyo + @ Aqap}
+ (Nwj N+ Nk Ney) B Aano +7 Ago + O Agzo + ¢ Agop}

+ (N@)j NEk *+ Nk NE);) (B Ao +7 Ao + O Ausp + ¢ Auepo}
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+ (N Nk + Nak Ny {B Aaso +Y Agop + O Apop T ¢ Agso)
Multiplying equation (4.5) by m’, niy', nz and ngs respectively, we get
pme =M {B Agp+v Aot O Ago+ @ Amod + Nk {B Asp +7 Ago + O Aano + @ Ausp}
+ N {B Ao+ Y Aano + O Aqo T ¢ Agopt + NeakiB Agp 7 Ausp + O Aggp + ¢ Auaypol,
rnak =M {B Ao+ 7 Ago + O Aaro + @ Aasp} + Nax (B Ago + 1 Ao+ O Ago+ ¢ Agop}
+NedB Aaro 7 Ao T © Aazo T ¢ Apop} + NP Ausyo + Y Agop + © Apop + ¢ Aasyts
wne =M {B Ao + v Aano + O Auo + @ Agop} + NakdB Aano + 7 Agp T O Auzo + ¢ Apop}
+NewdB Aano 7 Aazp + © Agp T ¢ Agsyot + NakdP Aago + Y Agop + © Ausp + ¢ Agsp}s
wngk =M {BAmpo+ Y Aaspp + O Augp + ¢ Agapt + Nk {B Aasyo +Y Agoo + O Apop + ¢ Agsyo}
+ Nk {BAaogp T 7 Apop O Ausp T ¢ A} + Nk {P Awao + Y Aaspo + O Ausio + @ Ay}
Equations (72) (73) (74) (75) lead to
BAsotYArotO Aanot ¢ Agsp =B Aep Ty Aano+ O Aano + ¢ Aggp
=BAgot+yAust O Awg + ¢ Awp =P Ao+ Y Agp T O Az + ¢ Apop
=B Augpot7Awg+O Agop + ¢ Ausp =B Augpo T 7 Apopo T O Auzpo + ¢ Auep = 0.
Eliminating B, y, ©, and ¢ from equation (76), we can obtain following determinant
Asp  Ago  Agno  Ausp
Agpo  Aare  Aayo  Aggpo | =0

Agp  Agso  Aggo Ao

Aano  Ago  Aazo  Aeop

Hence:

(1)

(72)

(73)

(74)

(75)

(76)

(77)

Theorem 4.2.: If X'(x) is a Q-concurrent vector field of first kind in a five-dimensional Finsler space F°, its coefficients

satisfy determinant (77).
From equations (72) (73) (74) (75), we can also obtain
H=BAwotYAs0TO Agp @ Agp =B Agpo ¥ Ao T O Awgo T ¢ Agop
=B Aanotv Awzp T O Ago+ @ Ausp =B Aaap T Y Agsp + O Auep + ¢ Awp
Multiplying equation (69) by g*, we get
Qi = mi(Anyp + Agyo + Aano + Auap) + Naji(Azp + Asp + Auzpo + Agsy)
+Ni(Aep + Asp + Ao + Aueo) + Nai(Awe + Ao + Auop + Auso)

It is known that 'Q; = 'Dy, = (‘D Nay)o, Which by virtue of equation (6) can be expressed as

(78)

(79)
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'Qi = "Dyo Ny + "D(- m; hg + Nizy Ko — Ngayi So) (80)
Comparing equations (79) and (80), we can obtain

Ao + Agyo + Auzo + Agap = - "D ho, Ao + Asp + Aazo + Aasyp = Dio,

Ao + Ao + Ago + Aasp = "D Ko, Aup + Agyo + Aaopo + Aazpo = - D o (81)
Hence:

Theorem 4.3.: If X'(x) is a Q-concurrent vector field of first kind in a five-dimensional Finsler space F°, its coefficients
satisfy equation (81).

From equation (4.9), we can also obtain

4p=PB Ao+ Agyo + Aayo + Awap) TY (Ao + Asp + Ao + Aus))

+ O (Agp + Agio + Ao + Auep) + ¢ (Agp + Ago + Agop + Ausp), (82)
This, by virtue of (4.12) can be expressed as

4u=y"Dp+'D (-Bho + O ko - ¢ 50) (83)
Remark: Equation (81) can easily be obtained from equation (83).
TENSOR "Djjiir IN F°.
Taking V-covariant derivative of equation (25) and using equations (15) and (20), we can obtain

X = 1"y + M Jeyr + Ny Jgr + Ny Jaye + Nesy' o (84)
Where,

Jayr = o — LB my +y nye + © npy + 0 ngy), Jor =P — L (Y Q + O R+ ¢ S, —amy),

Jay =Y+ LB Q—O0 U -0 Vi+anay), Juy =+ L' BR + v U, — 0 X, + angy),

Joy =@ + LB S +7 Vi + © X, + angy). (85)
From these equations we can obtain by virtue of equation (32) following relations:

affr = L-1(B mr +y n(L)r + © n(2)r + ¢ n(3)r —a 1Ir) (86)

Bur = L{m; (B Cy +7 C5) + © Ce) + ¢ Cry — @) + nay(B Cs) + 7 Cy + © Cary + ¢ Cagy)

+N2)(B Ce) +v Cary + O Cany + ¢ Cag)) + Nap(B Ciry +v Cas) + O Crg) + ¢ Cray)

+yQ+OR +0o S} (87)

e = LY{m(BCs) + v Ce) + © Cairy + ¢ Cay) + Ny B Cgy +¥ Cy + © Co) + ¢ Cagy - @)

+ NP Cary 7 Co+ O Caz) + ¢ Cean) + N3yl Caasy + ¥ Caoy + O Cao) + 9 Cas)

+oVi-BQr-0 U} (88)

Oy = L{m(B C)+ v Cary + © Cany + ¢ Cugy) + Naye(B Cazy + 7 Cioy + © Cazy + ¢ Cagy)

Impact Factor(JCC): 5.0148 — This article can be downloaded from www.impactjournals.us




[ 12 S. C. Rastogi |

+ NP Cazy +v Caz) + © Cgy + @ Cpazy - a) + Neayel(B Cag) +7 Crao) + © Cazy + ¢ Cpae)

o X -BR-y U} (89)
o= L{m(B Cay +7 Cuag) + © Cuagy + @ Craay) + Neye(B Cagy +v Craoy + © Craoy + 9 Cis)

+ (B Cag) +7 Ceao) + O Cag) + ¢ Cag) + NP Cuay +v Cas) + O Cag) + ¢ Cay— @)

BSr-y V-0 X} (90)

From equations (86) (87) (88) (89) (90) with the help of equations (8) and (9) (10) (11) (12) (13) (14) we can obtain

a ==L e, B I'= 0,y "= 10, O I'= 0, e I'= 0, (91)
ae M =L B, Brrm =LY (B Cy +© Ciey + ¢ Cry — 00+ 7 Vayzo + © Vop + 9 Voys),

yirm = LB Ce) + ¥ Cigy + © Cury + ¢ Cag) — B Voyaz - © Vi + ¢ Vays),

Oprm"=L*(B Ce + v Cary + O Cayy + ¢ Co)— B Vayz - ¥ Vayaz + ¢ Vo),

@M’ =LY B Cay+ v Crugy + © Cagy + ¢ Cruay— B Vaysz - ¥ Vaysa — © Vays), (92)
o Ny = L™y, By =L (B Csy+ v Cgy + © Cazy + 0 Cagy + ¥ Vayzz + © Vayaz + ¢ Vaysa),

Yir Ny = LB Cgy + v Cy + © Cigy + @ Caoy - o0 — P Vayaa - © Vigpaz + 9 Vypsa),

Oy Ny = LB Cary +v Coy + © Cazy + @ Cooy — B Vayaz - ¥ Vayaz + ¢ Vigysa),

o Ny = LB Cagy + ¥ Craoy + © Caoy + @ Crisy— B Vayss - ¥ Vaysz — © Vaggsa), (93)
Ny = L0, Bi N = LB Cey+v Cazy + © Cany+ @ Cagy + ¥ Vo + © Voyu + ¢ Vaysa),
Vi Ny = LB Can + v Co)+ © Cazy + @ Caoy — B Voyss - © Vayas + ¢ Vapsa),

O Ny’ = LB Cany +v Czy + O Coy+ ¢ Caagy — & — B Vayaa =¥ Vaua + ¢ Vapsa),

o N = LB Cag) + v Coy+ O Cazy+ @ Cpagy — B Vaysa = ¥ Vaysa — O Vasa), (94)
o N = Lo, B N = LB Cry+ v Casy + © Cragy + @ Ciay — B Voyss - © Vayas + ¢ Vayss),
Y N@) = LB Cas) + ¥ Caoy+ O Croy+ @ Crasy— B Vayzs - © Vaps + ¢ Vayss),
O N@ = L™ (B Cugy+ 7 Ceoy + © Cuzy+ ¢ Casy — B Vayus -7 Vays + @ Vayss),
o N@' = LB Caay+ v Casy+ O Casy + @ Cray— & — B Vayss -7 Vayss — © Vayss). (95)

Hence:

Theorem 5.1.: In a five-dimensional Finsler space F°, for a vector field X', given by equation (25), its coefficients satisfy
equations (5.4) a, b, ¢, d, e.

Taking V-covariant derivative of equation (22) and using equations (15) (16) (17) (18) (19), we get
"Dijwre = Yajso LM M "Tie + Ny Nk “Tir + Neajj Ny “Tie + Najj Ny “Tie + (M Neaye + Mic Neay) T

6 7 8
+ (M) Ny + Mk Ney) “Tie + (M) N + M Nay) Tir + (N N + Nk Ney) T +
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Where,

+ (Nw;i Nak + Nk N@)) “Tir + (@) NEk + Nk NEy) °Tid

Ty = {(U3) Dy — L (D) Q: + Dgy Ry + Dy S} i + L™ {nyi (Day Q- — Dy Ur — Dzy Vi)
+ni(Day R + Dsy Uy — Dy X) + Ne3)i(Deyy Sr + D) Vi + Dgy Xi) — li(Dy M + D5y Neayr

*+ Do) N2y + Dz Nap by

Ty = {(/3) Dy + L'(Dgg) Qr — Doy Ur — Doy Vi)} Nyt — L {mi(Dz) Q: + Dgy Ry + Doy Sr)
-Ni(D) Ur + Dg) R — Daagy X) — N@ji(Diy Vi + Dgy St + Digy X;) + 1i(Dzy Nayr + Degy My

*+ Do) Ny + Doy N}

*Tir = {(1/3) Deayr + L™ (Daayy Re + Diazy Ur — Dazy X0} Ny — L {mi(Dezy Re + Dyazy Qr + Dy 1)
+n@i(Dg) Ur - Dy Qr + Dagy Vi ) - N@ji(Degy Xe + Dayy Se + Dagy Vi) + i(Dayy My + Diazy Neayr

+ D) Ny + Das) Ny}

“Tir = {(1/3) Daysr + L (Dgagy St + Disy Vi + Dagy X0} Ny — L {mi(Dyay St + Disy Qr + Dyagy Ry)
+Nay (D Vi — Daay Q: + Dyagy Ur) + Nizy (Day X — Diaay Re — Diasy Uy) + 1i(Daay My + Digsy Neaye
+ Do) Ny + Dy @)}

*Tir = {(1/3) Desyir — L (Dg) Qr + Dyary Re + Diagy S} mi + {(1/3) Digyie + L™ (Ds) Qr — Dary Uy
-Dag) Vi)} Ny + {(2/3) Daryire + L*(Dgs) Re + Digy Uy — Diagy X)} Ny + {(1/3) Daasyir

+ L-l(D(s) S+ D) Vi + Dary X))} Ny — |_'1(D(5) M, + Dg Ny + Dany Ny + Doy Nay) i

*Tir = {(1/3) Dgyir — L (Day Re + Day Qr + Dy Sr)} i + {(1/3) Dyazyr + L™ (Dgey Qr — Daasy Uy
-Dg) V¥ Ny + {(1/3) Dy + L™ (Dge) Rr + Daary Uy — Dasy Vi)} Nyt + {(1/3) Diasyir

+ L-l(D(G) Sy + Dany Xr + Dary VO } Ny — |_'1(D(6) M, + Dazy Ny + Daany Ny + Das) Neay) |

T = {(1/3) Dazyir — L' (Day St + Dagy Rr + Dagy Q1) mi + {(1/3) Daoye + L (D7) Qr — Dyaay Vi
-Daig) U} Nay + {(2/3) Dasyie + L (D) Re = Daaay Xr + Dag) Un)} Niay + {(1/3) Degaye

+ L-l(D(7) Sy + Dugy Xr + Dagy Vi) } Nigy — |_'1(D(7) M, + Dy Ny + Daag) N2y + Daay Neayy) |

T = {(1/3) Daryr — L (D) Qr + Diazy Re + Dagy S} mi + {(1/3) Doy - L (D2 Us — Dy Qv
+ Doy Vi)} Ny + {(1/3) Dazyie + L™(Dgg) Ur + Daary Re — Doy Xo)} Nyt + {(2/3) Doy

+ L (Dg) Vi + Dz X: + Dayy S0} N — L™ (Dary Me + Doy Ny + Disz) Ny + Deaoy Ny |

*Tir = {(1/3) Daoyr — L (Daao) Qr + Das) S + Deeoy R)} mi + {(1/3) Doy — L™ (Das) Ve — Daagy Qr
+ Doy Ur) Nay + {(1/3) Deaoyir + L*(Doy Ur — Dasy Xo + Diagy R} Neayr + {(1/3) Dy

+ L"Y(Daoy Vi + Dgy St + Diagy X0)} ngay — L™ (Daoy Naye + Daasy N3y + Diagy My + Deagy Nezye) i

(96)

(97)

(98)

(99)

(100)

(101)

(102)

(103)

(104)

(105)
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T, = {(1/3) Dusyir — L (D) Re + Daasy Sr + Dizoy Q)3 M + {(1/3) Dezoyir — L™ (Dasy Ur + Disy Vi

— Das) Q)3 nay + {(1/3) Dasyrr — L (Daey Xr — Daasy Re — Daoy U} Naoi + {(1/3) Doy

+ L™ (Das) Xr + Dasy Sr + Deaoy Vi)} Ngy — L™ (Das) Ny + Digs) Mgy + Diasy Mr + Diagy Ny | (106)
Hence:

Theorem 5.2.: In a five-dimensional Finsler space F°, v- covariant derivative of the tensor 'Djx given by the equation (22),

is expressed as in (96), where tensors *Ti;, °Ti...., \°T; are given by equations (97), (98),..., (106) respectively.
Tensor ‘D IN F°
We here define a tensor 'Di, as follows:

lDijkh = C(h,,k){lDihr lDrjk} (107)
Substituting the value of lDi,-k in equation (107), we can obtain on simplification

lDijkh = Cpio [ My m{Dg, B + D(S)zBih + D) *Bin + D) 4Bih}

+ Ny Nwk{Dyz) By + D) B + D(Q)SBih + D(10)4Bih}

+ Ney; n(z)k{D(B)SBih + Dy B + D) ’Bin + D(13)4Bih}

+ N3y n(3)k{D(4)4Bih + D(14)lBih + D(lS)ZBih + D) 3Bih}

+ (M; Nk + My Nay){Ds) "Bin + Dg) °Bin + D7) *Bin + Do) *Bin}

+ (M; Ny + Mi Ny){D) "Bin + Dauyy *Bin + D7) °Bin + Do) *Bin}

+ (M; Ny + My Ny){D¢) 'Bin + Dy ‘Bin + Dis) *Bin + Dus) “Bin}

+ (N Nk + Nak Ne{De) *Bin + Daz) *Bin + Dar) 'Bin + Deoy ‘Bin}

+ (N2 Nk + Nk N@{Das) *Bin + Das) *Bin + Das) 'Bin + Doy 'Bin}

+ (Ng@); Nayk + Nk Nw){Dao) *Bin + Dys) “Bin + Daag) Bin + Diaoy “Bin} (108)
Where,

'Bin = D@y m; My, + Des) (M; Ny + My Nayi) + Digy (Mi Ny + My Nezyi) + Dy (Mi Negyy + M Nzy0)

+ Dayy Ny Ny + Dagy Nap Npn + Dazy (i Nn + Nayn Neyi) + Dasy (N N + Ny Ne)i)

+ Dagy(Nay Ngh + Neyn Ne3)i), (109)

®Bih = D(zy Nty Neayh + Disy Mi My + Degy (Mi Nty + My Neay) + Degy (Nayi N2y + Ny Nezyi)

*+ Daoy (N1 Nap + Nwn Naji) + Daz) Nn N + Das) Ny Nan + Dazy (Mi Ny + Mi Nez))

+ Do) (Mi N + Mh Ngj) + Diaoy (N2 N + Ny Nesyi), (110)

*Bin = D) N2y Nezyn + Dy Mi My + Digy Nay Neoyn + Deagy (Mi gy + My Nezi) + Diazy Ny Neayn + Newyn Nezyi)

+ D3y (@) N + N N3)j) + Dasy N@y Nean + Dazy (Mi Neon + M Na)
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+ Dasg) (Mi N@n + Mh Neaji) + Doy (Nay Negn + Nayn Ne3)i), (111)

“Bin = Diay Nay Nean + D7y Mi My + Diagy Nyt Nyn + Diay Nzyt N2y + Dezay (Mi Negyy + My Nezyi)

+ Dasy (N N + N Nji) + Dasy (N Napn + Nen Ni) + Dasy (Mi Ny + My Nezyi)

+ Do) (Mi Ny + My Nyi) + Deaoy (Nwyi Ne2yn + Ny Nez)i)s (112)
Are four symmetric tensors in i and h. These tensors with the help of equation (23) give

'Biy m" + ?Biy ny” + °Bin N + ‘Bin N = 'D; (113)

If X'(x) is a D-concurrent vector field of first kind, with the help of equations (28) and (107) we can obtain X'

'Dijn = 0, which also leads to X' *Dijm = "Dumjin. Hence:

Theorem 6.1.: In a five -dimensional Finsler space F°, a D-concurrent vector field of first kind satisfies X' "Dy, = 0 and X'

1 1
Dijkh/m = ijkh.
Remarks:

e Tensors “Dy and *Djj also satisfy properties similar to *Di.

e  Curvature properties related with these tensors may be studied in the subsequent research work.
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